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1. Proofs with stochastic supply (EC.2.1)

We provide the formulation of the platform’s problem as a function of the allocation terms, using a
similar expression to Lemma 1. We omit the full formulation and the proof of this result, but these
follow from identical arguments as earlier. The first term captures profits when Agent 1 is served
before Agent 2 and S2 arrive. The second term captures profits when S2 arrives before Agent 2
(w < 7). The third term captures profits instances when Agent 2 arrives before S2 (w > 7) and there

is no supply shortage. The last term captures profits at time 7 when there is a supply shortage.

LEMMA 1. Problem (Pg) is equivalent to:
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subject to monotonicity constraints, where:
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1.1. Proof of Theorem EC.1

Derivation of ﬁ;s(ﬁl). If there is no supply shortage when Agent 2’s arrives, the mechanism
unfold as in the baseline setting. Otherwise, the platform serves Agent 2 at time ¢t = w if and only
if e79@="p(0,y) > c:
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00, if e79@ T p(6,) < c.
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This optimal policy will result in the value of II5¢(6;):
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Derivation of II” (01). At time 7 when Agent 2 arrives before S2 and there is no supply shortage,

the allocation is identical to the baseline setting. The platform’s expected discounted profit is:

ffa (¢(02) —c) f(02)d0; if Agent 1 has been served,
ﬁT(Ql) =¢e%p(0) —c+ f;; ©(02) f(02)d0y if Agent 1 is present and e~ %" () > c,
fj,l(c_e,(gw(gl)) (€77 p(01) —c+p(0s)) f(B2)dOy if Agent 1 is present and e~°"p(6,) < c.

For notational convenience, we define:

i3 (6,) = / ((62) — ) £(62)d6s.

. e p(01) = e+ [y 9(02)f (02)d0s if e~ p(01) 2 ¢,
H12(91) = =

fefl(c_e—énp(gl)) (6_67—(70(01) —c+ 90(92)) f(92)d02 if 6_67—90(‘91) <c.
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Derivation of I1¢ (01). At time 7 when S2 arrives before Agent 2, the platform chooses T} (6;) to
maximize II“(6;). Recall that T%(6;) = co when Agent 1 is not on platform at w (i.e., if T3 (6;) < w).
Let us now assume that Agent 1 is on the platform (i.e., if w <T;(6;)). The problem is equivalent
to the platform’s problem at time ¢ =0 in the baseline setting (when both suppliers are present
on the platform), except that the term (e=%"1¥1)p(0;) — ¢) is replaced by (e *@+T 1)y (,) — c)

dw

(since Agent 1’s virtual value has decayed by a factor e™°, and time is updated from ¢t =0 to t = w.

Following the same reasoning as in the proof of Theorem 1, we obtain:

0, ifw<Ty(h) and e *“p(6;) > p(C),
T{“(Ql) = 4§ 00, if w S T1 (91) and 67&”’@(91) < QO(C),
0o, ifw>Ti(6).

The platform’s expected discounted profit is given by:

[ Xe= NI (0, )dr if Agent 1 has been served,
I¥(0) = e (b)) —c+ [ e~ (rHNT=OTTT(9,)dr  if Agent 1 is on the platform and e2“¢(6;) > ¢(¢),
[ Ae~ NI (6, )dT. if Agent 1 is on the platform and e=*“¢(6,) < p(().

For notational convenience, we define:

1% (6,) = / e~ N9 ) dr
e p(01) — e+ [° e UENEITIZ(0))dr i e p(61) > o(C),

ﬁlfv(gl) - { o0 —(rN) (T—wW)TTT i —dw
fw e 117, (6,)dr. if e7%“p(61) < ¢(Q).



Derivation of T;(#,). We follow the same steps as in the proof of Theorem 1 to show that
T1(60,) is a step function: it is equal to 0 when 6, is larger than a threshold f , and to oo otherwise.
Let us denote by 7(6;) the platform’s profit contingent on 6,; from Lemma EC.3, we have

7(91) — e~ (T A1) T1(01) (6_5T1(91)<,0(91) _ C) _|_/ Ne_(T+/\+M)wﬁw(91)dw
0

T1(61) =R 00 .
+ / Ae” PTG, dr + / e~ FRATWTIIT (0,)dT.
0 T1(61)

Since any outcome that the platform can achieve with Agent 2 only can also be achieved with both
agents, the sum of the last three terms is maximized with T}(6;) = oo. Moreover, when 6; < 6.,
the first term is also maximized by choosing T}(6;) = co (as in the proof of Theorem 1). Thus,

T1(6,) = oo for each 6, € [6,6.). We henceforth focus on the interval [f,, 6].

CrLAM 1. For a given 6, € [0.,0], let Ty, = —%1o

5 Then the following holds:

8 o
For any 6, € [0.,0), if Ty(0,) is finite, then T1(0,) < T, .

The proof is identical to that of Claim 1.
CrAam 2. Ty(6,) =0, or Ty(0,) = oo, for each 0, € [0,0)].

Proof of Claim 2. By contradiction, if T1(6,) € (0,7, ), the first-order condition yields:

[l A e O p(0) — (4 A )]
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First, T1(6,) < Ty, implies that e=°7p(6;) > c. Therefore:

N 0
I, (6,) = IO (0,) — ot / o(02) £ (62)d6y.

7=T1(01) 0o

Moreover, we know that T’ “’(01)‘ = 0. Indeed, since it is optimal to provide an individual

w=T1(01)
service to Agent 1 at time 73(6;) in the absence of S2, it is also optimal to provide an immediate

individual service to them in case S2 arrives at time w =T3(#;). We thus have:

115 (61)

:e"sTl(el)cp(Hl) —c+/ )\e*(’r‘+/\)(77T1(91))ﬁ£(91)d7'

w=T1(61) Ty01)

We obtain from Equation (2):
7
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6o =Ty (61)



Recall that I17(6;) ( is constant (equal to II7). Therefore, all the terms except the first one
T=141(V1
are independent from T (6;). Since —e~°"1(#),) is increasing in T}, we obtain:

671' (01 )
0Ty I1y(61)+e

> (, for € > 0 sufficiently small.

This contradicts the optimality of T7(;): the platform can strictly increase their profit by
marginally delaying service to Agent 1. This completes the proof of Claim 2. [

We now know that the optimal value of T;(0) is 0 or oco. The next step is to determine for which
values of 6, it is optimal to set 77(6) =0 as opposed to T} (0) = co. We define:
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( (6,) —c+ ue’(””“)”f{gjwl)dw—k / )\e(””“)fﬁgs(ﬂl)dr>
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We show that A(6),) is increasing, which proves that Ty(6;) follows a cutoff rule—there exists ¢
such that T7(6;) =0 if > ¢ and T (6;) = co otherwise. We also show that A(¢) <0 so that ¢ > C.

Cram 3. A(6,) is strictly increasing with 6.

Proof of Claim 3 Let fgl >0 be defined such that e 76 ©(01) = ¢(C), for any 6, > (. For any
0, < ¢, we define fgl =0. We get:
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Then by plugging Equations (4) and (5) into Equation (3), we get:
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By re-arranging the terms, we obtain:

T4+ A T+ * = ~ -
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We first show that T_:;rjiij\mgo(el) - fooo e~ (A TIIT (9))dr is non-decreasing in 6;. By following

the exact same procedure as earlier (by replacing the term A by the term A+ p in the exponential

functions and in the denominators), we have:

r+0+ A > ~ r+9
—p(0,) — e~ THATTIT (9)dr = Constant + ———— (0
e [ e F(62)dr = Constant + ——=—o(6)
0o —(r4+-2+p)T
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where Y7 (6;) is defined as in the proof of Theorem 1:

¢ He—e T p(61))
Y7 (60,) = / (777 p(6r) — c+ p(6)) £(62)dbs.

)
We know that (6,) and Ty, are non-decreasing in ;. Moreover, using the exact same arguments

as in the proof of Theorem 1, we also know that f%): Ae~HAMMTY (9 )dT is non-decreasing in 6; .
1

This proves that T,lj;ij\riﬂcpwl) — 57 Ae~ AT (0, )dr is non-decreasing in 6.

Let us now prove that f;: 1 pe~TFATY AW () Ydw is non-decreasing in 6. This is clearly satisfied
when 6; < ¢ since for such values of #; we have T'(¢;) =0, and we know that A“(6,) is increasing
in 6;. We now prove it for 6, > (.

1. For any 6,,0] € [¢,0], we have Ty, — fgl = Tgll -7 p; > 0. This directly comes from the following

definitions e =701 p(6;) = e Mo »(0;) =c and e 7o w(0,) = e_éfoll 0(07) =v(Q).

_ w—(Tp, —Tyr)

2. For any 0,0, € [¢,0], we prove that A“(0;) = A 17(0}). Recall that:

A“(0)) = e p(0,) —c+ / A= (0, )dr — / A= NI (9,)dr

0 w
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By definition of fgl, e )cp(Hl) = ¢(67). Moreover, we prove that, for every 7 > 0:
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To see this, recall that, for every 7 >0 and every 6, € [0, 971]

e=o(0r) — c+ [ o(62) f(02)db> if 7 < Ty,

1:1'{2(91) = ] sy . —
Jot(ce-tm oy (€770(01) —c+ @(6:)) f(02)db  if 7> T,

If 7 < Ty,, which implies that 7 — (Tgl — JA})/I) < Tgll, we have:

0 ~
fIT,(0,) = e p(6) — e + / o(02) £ (02)d8y = =o7e" T T (1) e / 2(0:)1(60:)d0, = T,
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If 7 >T,,, which implies that 7 — (Tgl — ﬁy) T 0;, we have:
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We know from the proof of Theorem 1 that Y7 (6;) = Y™ <T01_T9/1> (0,). Therefore:
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As a result, we have:
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3. We conclude that ffo: pe~UFATY AW () Ydw is increasing in ;. Let us consider 6,6, € [¢, 0]
1
such that 6; > 0]. We have:
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This completes the proof of Claim 3. [

CLAIM 4. It holds that (> .
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Proof of Claim 4 Tt is sufficient to show that A({) <=0, that is, all else equal, the benefit of
serving Agent 1 immediately is lower when the second supplier has not arrived yet than when
there are two suppliers on the market. By definition of (, it is optimal to set T} (01)’w:0 = oo for

all 0, < (. As a result, for all 6; < (, it is optimal to set T}(0;) = oo for all w > 0. Hence:
1%(6,) = / Ae~ TFNT=ITIT (9 Vdr
fL:(0) = [ Ae I (Or

From Equation (3), it comes:
A()=p(C) —c+ / pe~ (T / e~ THNT=OTT (Y drdw + / Ae” TEAMIOTIIT (C)dr
0 w 0

= [ et [T e e (drdy - [ ae O (O
0 w 0

By developing the double integrals, we obtain:
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0
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0

It yields:
MO =pl)=c+ [ e (I15(Q) — TI5,(0)) dr + / e (Mg ~ 115(0)) dr
0 0

_ +/0 e~ rHA )T (ﬁgs(OdT — f[g(()) dr
<A%(Q).

The second equality stems from the fact that the platform is indifferent between serving or delaying
Agent 1 when both suppliers are present. The last inequality stems from the fact that the platform’s
future expected profit at time 7 is larger when the second supplier has already arrived on the

platform. Formally:

S 0
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VI AN
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This completes the proof of Claim 4. [
Finally, this allocation rule satisfies the monotonicity constraints, and is therefore optimal. This

completes the proof of Theorem EC.1. [J

2. Proofs with disutility and higher cost for sharing (EC.2.2)

Note, first, that Assumption 2 provides a necessary condition to provide shared services; otherwise,
each agent receives an individual service with no delay if their type exceeds 6., or leaves the
platform unserved otherwise. To see this, let A; and A, be the discounted virtual values of Agent 1

and Agent 2, respectively, at any point in time. A shared service contributes v(A; + A;) — (1 + )¢

to the platform’s objective, whereas two separate services contribute A; + Ay — 2¢; if v < 1+7a, we

always have A; + Ay —2¢ > v(A; + Az) — (1 + «)c. Therefore, if Assumption 2 is violated, no shared
services are provided and each agent receives an immediate individual service if and only if their

type exceeds 0.

2.1. Proof of Theorem EC.2
Let us assume that 6; > 6. (we treat the other case similarly at the end of the proof). In that case,
the virtual type of Agent 1 exceeds the cost of an individual service.

Let us first consider the service at time 7 when both agents are present on the platform (i.e.,
T <T1(6y)). If e727(0,) > ¢, Agent 1 will receive a service at time 7, leading to three possibilities:
(i) an individual service to Agent 1, with profit contribution e =7 (6,) — ¢; (ii) a shared service, with
profit contribution v (e =7 (0;) + ¢(62)) — (1 + a)c; and (iii) separate individual services to both
agents, with profit contribution e=°7¢(0;) + ¢(6,) — 2¢. Note that (i) does not depend on 6y, (ii)

increases with 6, at rate v < 1, and (iii) increases with 6, at rate 1. Expressions (i) and (ii) coincide

when ¢ (6,) = (=m0 4 2¢. Expressions (ii) and (iii) coincide when ¢(6,) = (el o=075(0,).

v 1—y

—oT X
Therefore, service provision is given as follows as long as (1_7)677“’(91) + < % — e 97p(0,):

—oT
(i) individual service to Agent 1 if ¢(6,) < M + <5

Jy o .
(ii) shared service if (1_7)677“’(91) + 25 < () < % —eTp(6,)

(iii) separate individual services otherwise.

-7
To complete this proof, we need to show that M + < (11%0;)5 — e 7p(#,) when Agent

1 remains on the platform at time 7. Assuming otherwise, we would have e =°7(6;) > (71:7’2)6, which
(1—a)c

2(1—7)

to Agent 1 at time 0 dominates leaving them unserved. Next, we show that a shared service is

implies that ¢(0;) > (71__(2)6 > > 0 (Assumption 2). Then, providing an individual service



dominated even if Agent 2 arrives instantaneously, at time 0. Indeed, there are three possibilities:
(i) an individual service to Agent 1, with profit contribution ¢(6;) — ¢; (ii) a shared service, with
profit contribution v (¢(61) + ¢(0s)) — (14 «)c; and (iii) separate individual services to both agents,
with profit contribution ¢(6;)+ ¢(f2) — 2¢. Expression (i) dominates Expression (ii) when ¢(6,) <

1_7790(01) + 2¢; and Expression (iii) dominates Expression (ii) when ¢(6;) > (=2 _ »(6,). But

1—~
since ¢(6;) > ("’1%0;)0, we have 1_7%0(01) + %> (11%0;)6 — ¢(0;). Therefore, a shared service at 7 =0

is dominated by an allocation policy in which agent 1 is served individually, and so is a shared
service at 7 > 0 as a result. This proves that M + 5 < % —e797p(6,) whenever Agent
1 remains on the platform at time 7 > 0, and completes the proof of the above allocation rule.
We proceed similarly when e %7p(6;) < c. There are three possibilities: (i) no service, with
profit contribution 0; (ii) a shared service, with profit contribution (e 27 (0;) + ¢(f2)) — (1 +a)c;

(iii) an individual service to only agent 2, with profit contribution ¢(6,) — ¢. Expressions (i) and

(ii) coincide when ¢(6y) = H_TQC — e %Tp(0,); and Expressions (ii) and (iii) coincide when ¢(6,) =
ﬁe*‘”go(@l) — 125¢. When e 0Tp(0)) > Mffﬂ’c, we have HTO‘C— e Tp(0;) < ﬁe*‘”ap(&) - 15¢

holds; otherwise, Expression (ii) is never optimal so Agents 1 and 2 are treated independently.

Therefore, service provision is given as follows

(i) no service if () < ”To‘c — e p(0;)

(ii) shared service if HTac — e p(0,) < p(hy) < ﬁe*‘”go(@l) —15c
(iii) individual service to Agent 2 otherwise.

14—
If e " p(6,) > ra=7v.
Y

If e °7p(0)) < ——c:

I+a—7v {(1) no service if () < c
Y

(iii) individual service to Agent 2 otherwise.

We now characterize service provision to Agent 1 at time 0, by deriving 7;(6;). We already
know that T7(6;) =0 when ¢(61) > ="c. Let us now assume that ¢(6) < {=5c. We denote by
I17 (0| T1(01)) the platform’s expected discounted profit from time ¢ = 7 onward. When 7 <7 (6,),
both agents are present on platform at 7, and we denote the corresponding value of II" (6, | Ty (6,)) by
117,(61). When 7 > T} (6;), only Agent 2 is present on platform at 7, and we denote the corresponding
value of II7 (8| T1(6,)) by II5(6,). For a given report 6y, let 7(#;) denote the platform’s profit:

T1(01) 5 00 B
7r(91) — o~ (TN T1(01) (6—5T1(91)¢(91) _ C) +/ )\e‘(T“)THIQ(Gl) +/ )\6—(T+)\)7H£(01)‘
0 Ty (61)

CLAIM 5. For a given 0, € [0,,0], let Ty, = —%log w(‘gl). If Ty (6,) is finite, then Ty(01) <T,.

CrLAM 6. Ty(6,) =0, or Ty(0,) = oo, for each 0, € [0,0)].

These claims are proved as Claims 1 and 2, except that the profit equation associated with shared
services at time 7 needs to be modified to account for the added costs and disutility. Specifically,

we replace Equation EC.3 by

- ¢ ey 0)
) = / (e~ p(6,) — c] £(62)db, (6)

=T
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‘Pil(i"y,a)
+/ [7 (7T (61) + 9(65)) — (1 + @)c] £(62)dbs

“Hay o)

+ / [e"T0(61) + p(62) — 2¢] f(62)dbs.

“H@y,a)
Indeed, when Ty < Ty, , we have e %T1p(0,) —c >0 and e~*T1p(0,) + p(62) — ¢ > p(6;) — c. This

(A=7)e*T1p(01) + 2¢; (ii) a shared

leads to: (i) an individual service to Agent 1 if o(6y) <z, , = > ook

(1—a)c
1=y

Then by denoting ® = e %T1p(f;), and by using the fact that g—}}; = —0®, we get the second

—e M6 >z

Y,

service if ¢(6y) > 7., o = and (iii) separate individual services otherwise.

derivative of the m(6,) with respect to T; as:

“1(n e M2y a)
(@ — )27 (L) / 5<1>f(92)d92]

1 —
~=06(r+A+08)d+ A 3T,

Ao~z a Op~1 o ¢ H@y,a)
@+~ 0400 ) Gore ) 2 e T s 0,0,
8T1 3T1 8071(&%0)
- 5
A —(q>+z7,a>—2c)w—/ 5 £ (0,6,
oT, 0= (Ty,0)

After some algebra, it yields:

0 0 (@y,a)
—5(r+ A+ 6)® — A/ 5P f(60,)d0s +)\/ (1= ~)8® f(0,)d0> > 0.
9 [

Hay,a)

&*r(6,)
o(Th)?

This establishes the convexity of m(6;) with respect to 77 and proves Claim 6. [

Proof of Theorem EC.2. We now know that T}(6,) =0, or T} (,) = oo, for each 6, € [0,6]. The
next step is to determine for which values of 6, it is optimal to set T1(f) = 0 as opposed to
T:(8) = co. By proceeding as in the proof of Theorem 1, we find that there exists a cutoff 6., , such
that:

00 otherwise.

0 if6,>0...
Tl(el):{ 1 Z YUy,

This completes the proof int he case where 6, > 6,. When 6; < 6., the virtual value of Agent 1 is
positive but too small to warrant an individual service. Therefore, Agent 1 is held in queue until
Agent 2 arrives, i.e., T1(6;) = co. The allocation rule at time 7 is identical to the one above. This

completes the proof of the theorem. [

3. Details on the benchmarks (Section 4.1)
We provide details on the three posted-prices benchmarks, and compute the six performance metrics
considered in the paper. These derivations complement those in EC.1.3 for the optimal mechanism,

enabling the performance assessment performed in Section 4.1 of the main paper.
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3.1. Benchmark 1: individual services.
The platform provides only individual services at a constant price p. Each agent i € {1,2} purchases
the service if and only if §; > p. The optimal price is p = 6. The performance metrics are as follows:

— Probability of service for Agent 1, and for Agent 2: Pri*d = Prlnd =1—9..

Expected utility of Agent 1 at time 0 and Agent 2 at time 7:

1 1— 2
UInd Ulnd / (9 o ec)de — ( 29c)
Oc

Expected profit of the platform at time 0: TI'™ = (1 —-6,)(6. —¢) ( + TH)
Expected surplus at time 0, including the utility of both agents and the platform’s profit:

A (1-6.)(1+6.—2c)
r+)\> 2

TS™md = (1 +

3.2. Benchmark 2: shared services.

The platform charges a fixed price p per shared service to each agent. A service is provided if
and only if both agents are available and willing to pay p. We assume that A > to avoid case
distinctions, but all arguments can be easily extended otherwise.

For a given price p, Agent 1 is willing to purchase the service at time 7 if and only if e=976; >
p. Under the uniform distribution, this occurs with probability (1 — e,%) if 7< _l%g(p), and 0
otherwise. Then, Agent 2 is willing to purchase the service at time 7 if and only if 65 > p, which
occurs with probability (1 — p). The discounted expected profit at time 0 is given by:

—log(p)
5

S — _ —(r+X)T . p _
7w (p) =(2p c)/o e (1 6*57) (1—p)dr
B )\(1 _ p(r+/\)/5) )\p(l _ p(r+>\—6)/6)
=(@p=o p){ r+ X rHA—d

Let p, = argmin7®(p) be the profit-maximizing price. We compute the performance metrics:

— Probability of service to Agent 1 and 2:

_lo%(P*) p )\p* (1 _pi}\—(s)/(s)

Pr?h—PTEh_/ ’\67”<1_ )(1 p)dr=(1-p,) [(1—-p}/°) — =0

6—57’

log(

— Ex-post expected utility of Agent 1 of §; at time 0, with To = maX{O being the
latest time when Agent 1 is willing to purchase a service at price p,. The term ( 1—p,) denotes
the probability that Agent 2 is willing to purchase the shared service at time 7; the second

term captures Agent 1’s expected utility conditional on Agent 2’s willingness to purchase.

T,
W0 = (1-p.) / N~V (e579, . )dr
0
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AL — e~ HNTE g \(1— e~ HNT8 ),
0+ A a r+ A

= (1*17*) [

0

We then compute the ex-ante expected utility of Agent 1 as UP" = [/ u3"(6,)d6,

— Expected utility of Agent 2 at time 7.

—log(px)

Ap. (1 _p’(k,\fa)/(s)

1 _ 2
= [ e (1-25) [ (6 poyatudr = L2 (1)
0

—oT
(& P

A—0

— Expected discounted profit at time 0:

o (r+X)/8 _ (r+X=68)/8
HSh:(zp*_C)(l_p*) )\(1 D+ ) - Ap*(]‘ D« )
r+A r+A—0

— Expected discounted total surplus at time 0:

—log(px) )
§
TS — Ulsh 4 I8 +/ e~ (rHNT (1 — %) / (05 — p,)dOydT
0 Px
oo, (L= [A(LP) o (L)
=Ur" + 117" + B
1 2 Atr A+r—46

3.3. Benchmark 3: hybrid posted prices for individual and shared services.
The platform charges a price p; for individual services and a price pg for shared services. Agents
are free to choose their preferred option, but the shared service is only available if both agents are
simultaneously available on the platform and both opt for the shared service. Proposition 1 of the
main paper identifies a price x(pr,ps) such that Agent 1 purchases an individual service at t =0
if 6, > x(pr,ps). When 6, < x(pr,ps), Agents 1 and 2 purchase a shared service at time 7 if both
their willingness to pay at that time exceeds pg; Agent 1 purchases an individual service if their
willingness to pay at that time exceeds p; and but Agent 2’s is less than pg; and Agent 2 purchases
an individual service if their willingness to pay at that time exceeds p; and but Agent 1’s is less
than pg. We prove that proposition below.

Given pair (p;,ps), let Tgl (resp., Tﬁl) denote the latest time at which an individual (resp.,
shared) service yields a positive utility for an agent of type 6;. Specifically:

_ log & _ log &
Tglzmax{o, (5”}’ Tglzmax{o, ;S .

We can then compute the relevant performance metrics:

— Probability of service for Agent 1, as a function of 6. If the agent type exceeds the threshold
for individual services, x(ps,ps), then they are served with probability 1. Otherwise, they
are served with probability 1 if Agent 2 arrives before Tél, which occurs with probability
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71 _
1 —e *01; and they are served with probability 1 — pg if Agent 2 arrives between T gl and

— =74 =5
Tasl, which occurs with probability e 71 — e 701,
] >
o9, 1 . . - if 01 > x(p1,ps)
l—e ™o+ <67 o1 —e” 91) (1—ps) if 6, <x(pr,ps)

We derive the expected service probability of Agent 1 as Priv® = f o pr?yb 61)do; .

— Expected probability of service for Agent 2, as a function of ;. If Agent 1 received an individual
service, then Agent 2 is served if and only if their valuation exceeds p;. Otherwise, if Agent
2 arrives before Tél, they are served if and only if their valuation exceeds pg; and if Agent 2

. = . . . .
arrives after T'y , they are served if and only if their valuation exceeds p;.

g, 1—p; if 01 > x(p1,ps)
— _g s
pra= 1 (1—6*”81) (1—ps)+e (1 —p,)  if 6 < x(pr,ps)

We derive the expected service probability of Agent 2 as Pri¥® = f o pr?yb 61)do; .
— Expected utility of Agent 1 at time 0 as a function of #,: an agent of type 8, derives a utility
of 8, —p; if Agent 1 is served immediately at price p;; otherwise, the ex-post utility is equal

to:
=14

Ty TQ
/ " e (VT [(1—ps)(e "0, — ps) + ps(e 70, — pr)] dT+/ 1 e N1 —pg) (€770, —p;)drT
0

Ts,
Therefore, the ex-post utility of Agent 1 of type 6, is:
01 —pr if 61 > x(pr, ps)
H b _e—(r+5+>\ﬁé —(r+/\)7§
(g, = A R 1)01 A= — 1) ((1 ps)ps-i-pspz) .
/\(e—(r+5+x)?§1 —(r+6+)\)T91) )\(6—(7"+>\)Té1 _e—<r+,\ﬁ§1) if 0, < x(p1,ps)
+(1—ps) PR Y 01— A bs

We then compute the ex-ante expected utility of Agent 1 as U™’ = 9 ut¥"(6,)d6,
— Expected utility for Agent 2 at time 7, as a function of 8;. These calcula‘mons follow a similar

logic as those of the probability of service, by replacing the probabilities 1 — p by the utilities
(1 —p)?/2 for a price of p € {ps,ps}-

2
o Qoprk if 0, > x(pr,ps)
(6h) =

7S N2 CATS (1—pi)2 .
(1—e ATQI)%JFQ AT«%% if 0, < x(p1,ps)

We then compute the ex-ante expected utility of Agent 2 as UyY" = 0 Hyb(éh)d&
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— Expected profit, calculated at time 0 as a function of the type of Agent 1: If Agent 1 of type
0, receives an immediate service, then the platform derives an immediate profit of p; — ¢ and
a future expected profit of r%\(l —pr)(pr — ¢). Otherwise, the platform derives an expected
discounted profit of:
I

Tp, Ty,
/ e (r )T [(1—ps)(2ps —c)+ps(pr—c)]dr + / )\6_(T+>\)T(1 —ps)(2ps — c)dt
0

Tgl

+ /j (1 =pr)(pr —c)dr

T91

Therefore, the ex-post profit of the platform is equal to:

(pr—c) (1+riA(1—pz)) if 61 > x(pr,ps)

767<T+A)T§
b (g, Ad=e (1 ps)(2ps — ¢) +ps(pr — o))
o) = - =S

. (ef(mwl —ef(TH)TGl) if 6, < x(pr,ps)

+ ——y (1 =ps)(2ps —¢))
/\(e’““ﬁgl

+= 05— (L =p1)(pr —¢))

We then compute the ex-ante expected profit as II'™" = [ 99 7P (0,)d6,

— Expected discounted total surplus at time 0 as a function of 6,:

2
(pr =) (14 725 (L= pn) + (8 = pr) + 25 g if 6, > x(pr,ps)
tSHyb(el) =

7S 2 7S 2
ulliyb(el) _|_7rHyb(91) + <(1 _ e(r+/\)T91)(1—1235) + e~ (r+N)Th, (1—51) > if 9, < X(pz,ps)

A
T+
We then calculate the expected discounted total surplus at time 0 as TS™P = [ 99 ts"vb(6,)d6, .

3.4. Proof of Proposition 1
For any prices ps and p; such that p; > pg, we first identify properties of the equilibrium outcome.

We then leverage these properties to formulate the platform’s profit-maximization problem.

LEMMA 2. If Agent 1 does not purchase an individual service at time t =0, then they does not

purchase any service until Agent 2 arrives at time t =7.

Proof of Lemma 2 Suppose by contradiction that it is optimal for Agent 1 of type 6; to purchase
an individual service before Agent 2 arrives at some time ¢ > 0. From their revealed preferences,
we know that purchasing an individual service at time ¢t dominates an alternative strategy that
consists of waiting an additional infinitesimally small amount of time dt, and, then, purchasing a

service at time ¢+ dt. This service will be shared (hence, cheaper) in case Agent 2 arrives (which
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occurs with probability 1 — e %) and 6, > ps (which occurs with probability 1 — F(pg)), and

individual otherwise. This translates into the following inequality:

6_6t91 —pr Ze—rdte—)\dt(e—é(t+dt) 91

e (1 — =) [(1— Fpg)) (e300, — ps) + F(ps)(e~30+408, —py)]

—pr)

We obtain:
700, —py > el TOHANG, _ g=rdt (=Mt (1 _ o=Mt)(1 _ P(pg))) py — e (1 — e M) F(ps)ps
This yields:
e 0, (1—e T > (1 — e VY — o=V (1 — F(pg))) pr —e” "V F(ps)ps
But then, by multiplying the left-hand side by e*°# (which is larger than 1), we obtain:
TG (1= e HI) > (1= e (1 Y (1 F () pr = (1= ) ).

Therefore, purchasing an individual service (before Agent 2 arrives) at t — dt is strictly better than
purchasing an individual service (before Agent 2 arrives) at ¢ for Agent 1. This contradicts with
the optimality of ¢, and completes our proof. [
From Lemma 2, we know that Agent 1 either immediately purchases an individual service at
t =0 or waits until Agent 2 arrives. At time ¢t =7, they has three options:
e When 79760, > p;, Agent 1 purchases a shared service with Agent 2 if 8, > pg. Otherwise, if
0, < ps, they purchases an individual service.
e When ps < e %76, < p;, Agent 1 receives a shared service if 0 > pg. Otherwise, if 6, < pg,
they leaves the platform without being served.
e When e~ %70, < pg, Agent 1 leaves the platform without being served.
The following lemma shows that Agent 1 purchases an immediate service at ¢t =0 if and only if

their type 60; exceeds a threshold value, denoted by x(pr, ps)-

LEMMA 3. For any given pair of prices ps and py, there exists a value x(pr,ps) > pr such that

Agent 1 purchases an immediate service at t =0 if and only if 0, > x(p1,ps)

Proof of Lemma 8 1If Agent 1 of type 0, purchases an immediate service at ¢ =0 at price py,

their utility, denoted by Ui (61), is given by:

Uimm(el) =0, —pr
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It is clear that Agent 1 never purchases an individual service when 6; < p;. We therefore assume

that 61 > p;. Under this assumption, the times T} and Ty given in the proposition are equal to:

1 0 1 0
Tel1 =5 log <pjr> and TGII = glog (p;) .

We now express the expected discounted utility of Agent 1 of type 6; resulting from waiting
until time ¢ =7 (when Agent 2 arrives), which we denote by U, (61). Recall that:
o If 7 <T, 911, then Agent 1 purchases either a shared service or individual service.
o If Tell <7<, 0’; , then Agent 1 purchases only a shared service.
o If 7> Tfl’ , then Agent 1 does not purchase any service.
Thus, Uyqi:(61) satisfies:
71

Upait(01) = / " e [(1—F(ps))(e™"701 — ps) + F(ps)(e "0y — p1)] dr

0

Ty
+/ ' )\67(T+>\)T(1 — F(ps)) (6757491 —ps) dr
TI

01

= [1 _ 67(r+5+A)T911 F(ps) — ef(r+5+/\)T@Iz (1— F(ps))] +2\+)\01
,
A —(r+NTE A —(r+N) Ty
- [ TR - Fo)ps - S [1- e TV Flosip

Plugging the expressions for Tj , and Ty, we obtain:

Uwait (01) = (1 — F(ps) <§i> h — (1= F(ps)) (gi) WEH) #01

r+o+A

(o)) 5 (1 () o

By defining A(61) = Ujpm (01) — Uit (61), we have:
(1" + 5)91 by T+ { r+6+A r+5+)\:|

N /L Y B ] 5 o S
A(Gl)—r+5+)\ p1+r+5+)\91 F(ps)p; + (1= F(ps))ps

e (P 0 P ) - (0= Fos)os - Flooin

RS
(7’ + 5)91 Y 77‘}»)\ r+o4A r464A
= — F B 1— F 5
r+0+ A (r+5+)\)(r+)\)01 (ps)pr * +( (ps)ps

—prt (1= F(ps))ps + F(ps)pi]

which is increasing in ;. Thus, for given prices p; and pg, there exists a cutoff x(pr, ps) such that

>0 if 0, > x(pr,ps)
A(0)) =14 =0 if 6, = x(p1,ps)
<0 if 6, < x(pr,ps)

This completes the proof. [



17

Proof of Proposition 1. Based on the structure of the equilibrium, we obtain the expected profit

of the platform for given values of p; and pg:

Mp1,p5) = [1 = Fx(props)] | (o1~ )+ (1= P} =
x(p1.ps) T(fl
T / / AN (1= F(ps))(2ps — ¢) + F(ps)(pr — o)) dr £(6,)d6,
/X(PI PS) /T61 )\e_(H—A)r 1 . F(ps))(st B c)] de(gl)del

x(pr.ps)
+ / TN {1 = F (o) (pr — )] dr £ (61)d6s.
0 (i

Then the platform’s problem is defined as:

max II(pr,ps)

P1,Ps

This completes the proof of Proposition 1. [



